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This repor t  describes the physical and numerical formulat ion o f  a  model f o r  
the hor izonta l  s o l i d t f l c a t i a n  o f  a binary a l loy ,  It can be appl ied, for  
exarnple, t o  the case of  steady-state s o l i d t f i c a t t o n  from two oppostng wal ls  
I n  an ingot. The m a j ~ r  purpose of the model i s  t o  ca lcu la te  macrosegregatton 
i n  a  cast ing ingot  which restr l ts  From f law of i n t e rdend r l t r c  l i q u i d  dur ing 
s o l i d i ~ i c a t i o n .  The flow, dr iven by so l  i d i f i c a t l o n  contract ions and by g rav i t y  
ac t ing  on densi ty gradients i n  the i n te rdend r i t l c  l i q u i d ,  i s  modeled as flow 
through a porous medium, Section 2 defines the symbols used throughout t h i s  
report .  Section 3 contains the physical formulat lon o f  the problem leading 
t o  a  se t  o f  equations which can be used t o o b t a i n :  ( 1 )  the pressure f i e l d ,  
(2) the ve loc i t y  f i e l d ,  (3) mass f low and (4) so lu te  f low i n  the s o l i d  p lus  
l l qu i d  zone during so l  i d i  f i ca t ion .  With these establ  ished, the model calculates 
macrosegregation a f t e r  s o l i d i f i c a t i o n  i s  complete. Section 4 presents the 
numerical techniques used t o  obta in  so lu t ion  on a  computational gr id ,  Section 
5 contains resu l ts ,  evaluat ion o f  the res i l l ts ,  and recommendations f o r  f u tu re  
davelopment o f  the model, Included are the macrosegregation and flow f i e l d  
pred ic t ions for  t in - lead,  aluminum-copper, and t in-bismutt l  a l l o y s  as wel l  as 
comparisons o f  some o f  the predict ions w i t h  publ ished pred ic t ions o r  w i th  
empi r i  ca l  data. 
The numerical model i s  the basis f o r  algorithms used i n  a  FORTRAN program which 
has been run on a  Prime 400 computer sys tern a t  Marshal 1 Space F l  i ght Center 
(MSFC) i n  Huntsvi 1 le, Alabama, The program can be run i n  batch o r  in te rac t i ve  
mode; the l a t t e r  mode al lows the user t o  i n t e rac t  w i t h  the model by changing 
process parameters o r  a l loy ,  and by se lec t ing  graphical cjr tabu lar  output for  
d isp lay  on the terminal screen. The documentation f o r  the FORTRAN code i s  
Volume I I  o f  t h i s  report ,  and the operating manual i s  Volume I l l .  Volumes I 
and I l l  are self-contained i n  the sense that  they descr ibe the model and i t s  
operat ion wi thout  reference t o  the FORTRAN code; accordingly no programming 
o r  computer operation experience i s  needed t o  make use o f  the model. 
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SECTION 2 - NOMENCLATURE 
coe f f i c i en t  I n  the pressure equation, Eq. (3,4,3) 
coe f f i c ien t  I n  the pressure equation, Eq. (3.4.3) 
average compos i t i  on def i ned by Eq. (3.2.4) 
compositlan o f  Interdendr l  t i c  I l q u l d  
l oca l  average composl t i o n  o f  so l  i d  dur ing sol  id1 f l ca t ion ,  
defined by Eq. (3.2.5) 
con~posit ian o f  the s o l i d  a t  the s o l i d - l t q u i d  in te r face  
f i n a l  loca l  average composition, Eq, (3.5.1) 
composition o f  l i q u i d  a t  the l iqu idus isotherm, i.e., 
composition o f  the a1 loy 
volume f r a c t l o n  o f  eu tec t i c  l i q u i d  a t  the end o f  s o l i d i f i c a t f o n  
volume f r a c t i o n  o f  l i qu i d ,  s o l i d  d\sring solidification 
g rav i t a t i ona l  accelerat ion 
grov i  ta t iona l  accelerat ioa i n  the - y  d i r e c t i o n  
equi 1 ibr ium p a r t i  t i o n  r a t i o  
permeabi 1 i t y  
Ingot  height 
maximum number o f  steady s ta te  o r  pressure i te ra t lons  
number of mesh po in ts  i n  the x  o r  y  d i r e c t i o n  
pressure 
modif led pressure d ~ f i n e d  In Eq. (4.5.1) 
atmospheric pressure 
time 
time a t  passage of the  eu tec t i c  f r on t  and l i qu idus  isotherm, 
respect ively 
temperature 
eutect  i c  temperature 
1 i qu i  dus temperature a t  compos i t ion Co 
isotherm veloci  t y  
ve loc i t y  o f  the i n te rdend r i t i c  f l u i d  
x-  and y- L wponen t s  o f  $ 
hor izonta l  distance from the c h i l l  face, see Figure 3.2 
g r i d  spacing i n  the x- d i r ec t i on  
pos i t ions of the eu tec t i c  and l iqu idus isotherms, respect ively I 
~i xEs xL k m )  I 
Y (cm) distance from the bottom o f  the ingot  1 
AY ( 4  g r i d  spacing i n  y-  d i r ec t i on  c I 
,-- 
5 I I 
I1 - - 
-* 4 
permcabll I t y  c o e f f i c i e n t  
convergence bounds; see Sectf on 4.8 
vl scos i t y  
average dens i ty  def ined  by Eq. (3.2.2) 
densf t y  o f  the intertdendrl  tl c 1 iquf  d 
dens1 t y  o f  the primary so l  i d  phase 
dens i t ius  o f  the e u t e c t f c  l i q u i d  and s o l i d ,  respect ive ly  
dens i ty  o f  the- 11quid a t  the l iquidus i s o t h e r ~ c  
SECTION 3 - PHYSICAL DESCRIPTION OF THE MODEL 
3.1 PROBLEM DEFINITION 
Figure 3.1 shows an tngot: o f  a binary a l l o y  undergofng hor izonta l  s o l i d i f l c a t l o n  
from c h i l l  faces located a t  opposl ta sfdas o f  an Insulated rectangular mold. 
The mold i s  or iented so t ha t  the g rav i t y  force i s  i n  the y -d i rec t ion  as shown, 
with no component 113rmal to the x-y plane, l n i t l a l l y  the contents are  l i q u i d  
with uniform composltlon Co. As heat i s  extracted through the c h i l l  faces, 
the a l l o y  s o l i d i f i e s  b i d t  r e c t i o n a l l y  from the chi1 1s and toward the center l ine,  
It Is assumed that  d e n d r l t i c  f reezing takes place w i t h  a zone contain ing both 
sol  i d  and 1 i qu i d  phases (i . e n ,  the S/L zone) which moves through the ingot  
ahead of the eu tec t i c  isotherms. Shrinkage-and grav i ty -dr iven convection 
w i t h i n  these S/L zones causes non-un i formi t l es, known as macrosegregat i on, i n  
- 
the f i n a l  local average composition a f t e r  s o l i d i f i c a t i o n ,  CS. The re la t ionsh ip  
between i n te rdend r i t i c  f l u i d  f l ow and macrosegregation was f i r s t  described and 
demonstrated i n  references 3-5 fo r  f low due t o  sol  i d i  f i ca t i on  con t rac t ion  only, 
ar~d l a t e r  f o r  f low dr iven by g rav i t y ,  i n  add i t i on  t o  s o l i d i f i c a t i o n  shrinkages 
i n  references 1, 2, and 6. The so l  i d i f i c a t i o n  model described below ca lcu la tes 
the f i n a l  Vocal average composition a f t e r  s o l i d i f i c a t i o n  by so lv ing  the hydro- 
dynamic equations f o r  the f l ow o f  interdendr i  t i c  l i q u i d  w i t h i n  the 1 im i ta t ions  1 
of several assumptions. 
I / 
The methods used here are  s imi  l a r  t o  those o f  references 1 and 2 f o r  ~nacro- 
segregation resu l t i ng  from steady-state s o l i d i f f c a t i o n .  The mold shown i n  
Figure 3.1 i s  symmetric about the center1 ine, so i t  i s  s u f f i c i e n t  t o  t r e a t  
! 
on l y  the l e f t  slde o f  the ingot .  Because there i s  no body force normal t o  the 
x-y plane, the Flow i n  the S/L zone i s  two-dimensional. Nevertheless, much 
i 
of the ana ly t i ca l  development w i l l  be independent o f  the coordinate system and 
I 
Cjmensional i t y  o f  the S/L zone. As defined i n  reference 3, "unid i  rec t  ional"  
s o l i d i f i c a t i o n  impl ies un id i r ec t i ona l  heat f l ow w i t h  planar isotherms, so t ha t  
the S/L zone i s  rectangular and the temperature gradient has no y component. 
I n  steady-state s o l i d i f i c a t i o n  the isotherms move through the ingot  a t  a constant , 
ve loc i t y ,  thus the geometry o f  the mushy zone and the temperature d i s t r i b u t i o n  
I 
w i t h i n  the S/L zone a r e  constant i n  time. The macrosegregation r e s u i t i n g  from 
steady-state s o l i d i f i c a t i o n  does not vary i n  the d i r ec t i on  o f  heat flow; the 1 i 
f i n a l  loca l  average composition i s  a funct ion only o f  v e r t i c a l  d istance through i 
the ingot, The i n t e r d e n d r i t i c  f l u i d  flow i s  dr iven both by shrinkage due t o  i 
sol  id1 f f ca t t on  csnt ract fon and l tqu id  cont ract ion dur ing sol  id1 f i ca t ion ,  and 
by g rav f t y  ac t ing  on a f l u i d  o f  va r i ab le  density. The density g r ~ d i e n t  r esu l t s  
from thermal gradtents and more so from so lu te  csncentrat ion gradients which 
must e x i s t  I n  the l f q u i d  w f t h i n  the S/L zone. Flow resu l t i ng  from the l a t t e r  
s ! tua t i on has been termed concen t r a t  ion-dr i ven convect ion, and i n  references 1 ,  
2, 6 and 7 i t  has been shown t o  be a major c ~ n t r i b u t i n g  fac tor  i n  the formation 
o f  channel- type segregates of ten ca l  led I t f  reckl es". A fundamental assun~pt ion 
o f  the s o l i d i f i c a t i o n  model i s  no movement o f  the s o l i d  phase, so tha t  the 
ca lcu la t ions cannot p red ic t  macrosegregation p r o f i l e s  f o r  i n g ~ t s  i n  whjch 
f reckles occur, although the condi t ions f o r  and the loca t ion  o f  the onset o f  
f reck le  formatiorr can be be predicted, The f low o f  i n t e rdend r i t i c  l i q u i d  f s  
modeled as flow through a porous medium where the volume f r ac t i on  avai l ab le  
f o r  f low i s  the loca l  volume f r ac t i on  o f  l i q u i d  dur ing s o l i d i f i c a t i o n ,  The 
movement of  the S/L zone, the temperature f i e l d  w i  t h i ~  the mushy zone, the 1 i qu i d  
densi ty as a funct ion o f  composi t i  on and temperature, and the phase dlagram 
(sol  i d - l i q u i d  equi l i b r i a )  for the b inary  a1 toy are assurned; the pressure f i e l d ,  
ve l oc i t y  f i e ld ,  and macrosegregation a re  calculated. 
3.2 FLOW EQUATIONS 
. I  Because the ra te  of  isotherm movement i s  used as input  t o  the solidification 
analysis and because no convection i n  the bulk l i q u i d  i s  assumed, the analysis 
can be r es t r i c t ed  t o  the processes w i  t h i n  the S/L zone and the solute f low a t  
the boundaries o f  the 5/L zone,, The coordinate system defined i n  the S/L zone 
i s  shown i n  Figure 3.2. The coordinates o f  any po in t  (x, y) i n  the S/L zone 
are f ixed r e l a t i v e  t o  the ingot. The sides o f  the S/L zone a t  xE ( t )  and x L ( t ) ,  
the pos i t ions of the en tec t i c  isotherm and l iqu idus isotherms, respect ively,  
move through the ingot w i t h  a constant ve loc i t y  U. The analysis leading t o  a 
s o l i d i f i c a t i o n  model i s  based upon the concept af  a volume element w i t h i n  the 
S/L zone which i s  small enough t o  be t rea ted  as a d i f f e r e n t i a l  element, yet  
large enough so tha t  the volume f r ac t i on  s o l i d  w i t h i n  i t  i s  equal t o  the loca l  
average, The volume element concept i s  developed i n  reference 3' There i s  
no s o l i d  phase movement i n t o  o r  out  o f  the c e l l ;  there i s  no mass f l ux  i n t o  
or  out  o f  the element by d i f f us i on ;  tempzrature and l i q u i d  density vary only 
d i f f e r e n t i a l l y  across the c e l l  a t  any time. With these assumptions conversation 
o f  mass w i t h i n  the volume element i s  w r i t t e n  
t 9 
Figure 3.1, Horizontal Bidirectional Sol idlflcation 
Figure 3.2. Coordinate System 
3-3 
P 
where F u PS9, * PL$JLe 
( ~ c e  Section 3, f o r  d e f i n i t i o n s  o f  the symbols,) I f  so lu te  enters o r  leaves the 
volumc elentent only by l i q u i d  convectlcn, I f  there : ~ s  no so lu te  d i f f u s i o n  w i  t h i n  
the s o l i d  pha~e,  and if the composition o f  l i q u i d  wl t h l n  the volume element I s  
uni form, therr conservatfon of so lu te  i n  the volunyi element fs w r i t t e n  
and CS i s  the loca l  average so l  i d  conpas i t ion a t  t lme t, defined by 
f o r  t p r i o r  t o  passage o f  the eu tec t i c  f ront :  tLSt<t r  
Mass f luxes a t  the edges o f  the S/L zone provide boundary conditSons f o r  tfw 
conservation equations. The top and bottom o f  the SIL zone are I n  contact w i t h  
the mold wa l l s  so tha t  there i s  no normal component o f  flow: 
"Y 
5 0 a t  y - 0  and y - L f o r  xEsx5xL. 13.2*6) 
As described i n  reference 1 ,  f low a t  the eu tec t i c  isotherm must compensate f o r  
sol  f d i f i c a t i o n  shrinkage o r  expansion o f  the eu tec t i c  mixture: 
vx = - PSE'PLE u a t  x = xE for  O S ~ < L .  
P, c 
Since i t  i s  assumed tha t  there i s  no convection i n  the bu lk  l i q u i d ,  then 
V = 0  a t  x = XL f o r  OsySL. ( 3 . 2 . 8 )  
Y 
Addi t ional  condi t ions a t  the l i qu idus  isotherm are  
cL = Co and gL I a t  x xL f o r  OsysL. (3.2.91 
Darcy I s  LPW f o r  flow through a porous mdfum f s used t o  dcscrl be the flw o f  
tho I n te rdcnd r f t i c  ' l iquid i n  the S/L zone; thus 
whcrc p i s  the vf scost t y  o f  the l i q u l d  and K I s  the permobi  1 i t y  given here, 
as i n  references 1 and 2, by 
w i t h  y a constant. This form o f  the pcrmeobl l i ty  funct ion i s  i so t rop ic ;  fee,, 
there Is no d i  rec t iona l  preference I n  the resistance t o  flow. 
I n  add i t ion t o  the assumptions o f  steady-state, un id i  rec t iona l  sol  i d i  f i ca t i on ,  
which lcad t o  p lanar fsstherms moving w i t h  a constant ve loc i t y ,  a  constant 
hsrizants! te.werature grad?ent f s  assumed. Then the temgarature f i e l d  i n  the 
mushy zone i s  gl  ven by 
f o r  x ~ x 5 x  and OsylL, as shown i n  Figure 3.4. The steady-state assumption E L 
now gives the isotherm ve loc i t y  
Equations (3.2.12) and (3.2.13) show tha t  the temperature f i e l d  and isotherm 
movement are determined upon spec l f !ca t lon o f  the coo l ing rate,  aT/at, and 
the mushy zone width, (xL-xE). The 1 i q u i d  i n  tke volume element i s  assumed 
t o  be i n  equ i l i b r ium w i t h  the s o l i d  a t  the s o l i d - l i q u i d  in ter face so tha t  the 
phase diagram re la tes  l i q u i d  composition t o  temperature i n  the volume element. 
As shown i n  Figure 3.3, the 1 iquldus o f  the phase diagram i s  approximated by 
a  s t ra igh t  l i ne ,  and the composition o f  the in te r face  s o l i d  i s  given by 
where k i s  the equ i l  ibrlurn parti t i o n  ra t l o .  CL snd 9CL/at can thus be calculated 
as flrnct Ions o f  temperature by 
d C ~  a C ~  d C ~  a~ CL(T) - CE + - ( T - T ~ )  and - -. - - dl= a t  a t  (3b2. t5 )  
where CE, TE and dCL/d~  are taken from the a1 l oy  phase diagram. The resu l tan t  
l i n e a r  va r i a t l on  o f  CL through the S/L zone i s  shown i n  Figure 3.4. L lqu id  
denst t y  i s  a funct ion o f  temperature and eomposi t ion,  but the equi l ibr ium 
assumt ion  at lows densf t y  t o  be w r i  t t c n  as a funct ion o f  composition only, 
Rczfi,enccs 1 and 2 have shown tha t  the densi ty of the fnterdcndrf t l  c 1 l q u i d  
can be approximated by a 1 inear funct ion o f  comp~s i t i on  end tha t  the densi ty 
sf the primary s o l i d  phase I s  approximately constant I n  the s o l i d i f i c a t i o n  
temperature range. Thus 1 i q u i d  densi ty and apL/at can be ca lcu la ted by 
d p ~  apL dpL 2CL pL(cL) PI,E + - (C  -C and -= --. dcL L E a t  dc, a t  (3.2.16) 
p can be considered denstJnt, and the densftics nf the s o l i d  and i f q u i d  phases S 1 
a r e  completely speci Fied by known values o f  pS, pSE, dpL/dCL, ar~d pLE. The i i 
v a r i a t i o n  o f  pL across the S/L zone i s  shown i n  F i  gure 3.4 where pL increases I 
dur ing  sol  i d l f i c a t i o n .  Some a l l oys  have a decrease o f  1 i qu jd  densi ty dur ing 
s o l i d i f i c a t i o n  and ttiey can be treated, as we1 I, prov id ing the co r rec t  s ign 
f o r  dpL/dCL i s  used. 
An equation used t o  r e l a t e  gS and gL i s  plWovided by the assumption o f  no pore . 1 
farma t i on: 1 i 
Equations (3.2.1) through (3.2.17) and the associ atcd assumptions completely 
descr ibe the s o l i d i f i c a t i o n  model. However, the so lu t ion  f o r  the ve loc i t y  
F i e l d  and local  f r a c t i o n  l i q u i d  can be simp] i f i e d  i f  the information above I s  
used t o  der ive two more equations which replace the con t inu i t y  equations I n  
the  so lu t i on  process. These equations a re  4erived i n  Sections 3 . 3  and 3.4. 
0 '.E 
Figure 3 $ 3 .  S i m p l i f i e d  Phase Diagram 
T 
TE cx t 
X~ x~ 
Figure 3 . 4 .  Linear V a r i a t i o n  o f  T ,  CL, and pL 
I 
I 
1~ 3.3 LOCAL SOLUTE REDISTRIBUTION EQUATION 
The mass and s o l u t e  conservat ion equations can be combined t o  get  an equation, 
t 
t) 
der ived o r t g i n a l l y  i n  reference 3, t h a t  g ives the  l o c a l  f r a c t i o n  l f q u i d  i n  
terms o f  the  l oca l  v e l o c i t y  and the  l o c a l  l f q u i d  composition. By expanding 
the  r i g h t  s ide  o f  Equation (3.2.3) and s u b s t i t u t i n g  Equations (3.2.1) and 
i (3.2.2), we a r r i v e  a t  
+ a a 9 ~  + 
- V * C  L L L  P 9 v = C L ~  ( ~ ~ 9 ~ )  - C L P S ~  - pLgLv'VcL* (3.3.1) 
6 When Equation (3.2.5) i s  d l  f f e r e n t i a t e d ,  there  r e s u l t s  
1 Expanding the l e f t  s ide o f  Equation (3.2.3) and s u b s t i t u t i n g  Equations (3.2.14), 
(3.2.17) and (3.3.2) lcads t o  
F i n a l l y ,  Equations (3.3.1) and (3.3.3) a rc  s u b s t i t u t e d  i n t o  Equation (3.2.3), 
g l v i n g  
Since the 1 iqu  i d compos 1 t ion and temperature are d i r e c t  l y  r e l a t e d  (see Equat i on  1 
r 
3.2.15), then ,g 1 
i 
vcL = - a C ~  a c ~  ar 
aT VT and - 6 - -a t  aT a t 9  
I and Equation (3.3.4) becomes j 1 a g ~  1 PL 3 
--= - 
a c ~  V*VT) 1 (-) - (1 + -  (3.3.6) gL a t  1-k PS - 3~ cL a t  I 
a t  1 
8 i 
I.- Equation (3.3.6) i s  c a l l e d  the l o c a l  s o l u t e  r e d i s t r i b u t i o n  equation. 
'1 
3- 8 
I 
- I - r r r r i r ? ~ = r r r c r r r c r r r c - r r r c  --r 
+ - . , ,  -- j 
3 , 4  PRESSURE EQUATION 
NumcrIcal s o l u t i o n  o f  the  s o l l d i f i c a t l a n  model eqoattons can be f a c i l f t a t e d  by 1 
rep lac ing  the nloss conscrvat Ion equation w i  th an el 1 l p t l c  equat ion f o r  pressure. I 
Using Equations (3,2,2) and (3.2.17) and the  osstrmption o f  constant s o l i d  dens i ty  
to  expand the l e f t  s i d e  o f  Equation (3,2.1) gives: 
The pressure equation r e s u l t s  from s u b s t i t u t i n g  Equations (3.2,10) and (3.4.1) 
i n t o  E q u a ~ i o n  (3,2,1): 
Equation (3.4.2) can be w r i t t e n  i n  the form: i 
As discussed i n  Sect ion 4.5, several  numerical techniques a r e  avai l a b l e  f o r  
s o l u t i o n  o f  equations w i t h  the form o f  Equation (3.4.3). 
I 4 
'1 
Condi t ions (3.2.6) through (3.2.8) can be r e w r i t t e n  t o  prov ide  boundary condi t ions 1 
on pressure a t  a1 1 s ides o f  the  S/L zone. S u b s t i t u t i n g  Equation (3.2.6) f o r  V i 
Y I 
i n  Darcyis Law, Equation (3.2.10), gives 1 
- E  - pLg a t  y = 0 and y = L f o r  x cx<xE, 8~ L' ( 3 * 4 . 6 )  
i 
i 
and s u b s t i t u t i n g  Equation (3.2.7) f o r  Vx i n  Equation (3.2.10) gives 
a P 1-19~ P S E - P ~ ~  -= -- U a t  x = xE f o r  O<y<L. 
ax k P, . 
If there i s  no cenvectfsn I n  the b r ~ l k  l iqufd ,  then 
p p, + pL g (L-y) a t  x = xL f o r  05ySL. 
0 
3.5 MACROS EGREGATl ON 
A f te r  s o l i d i f i c a t i o n  i s  complete a t  a r a , ~ ; v o :  (x,y) i n  a cast lng,  the f f n a l  loca l  
average compos i t i  on i s gl  van by 
where the l i qu idus  isotherm passes the po in t  (x,y) a t  t ime tL and the eu tec t i c  
f ron t  passes a t  tE. The i n teg ra l  term accounts f o r  microsegregation w i t h i n  the 
dendri t i c  solid and the second term i n  the numerator accounts f o r  the so lu te  i n  
the so l  i d i f i e d  eu tec t i c  mixture, 
For steady-state so l  i d i f i c a t i o n  Ts i s  a funct ion only o f  y, and the i n teg ra l  
i n  Equation 3.5.1 i s  equal t o  the same in tegra l  taken between the 1 im i t s  xL t o  
xE a t  a Fixed time t. Macrosegregation as a funct ion o f  height  i n  the ingot  
i s  given by Ts(y)-co. 
3.6 SUMMARY 
The equations which cons t i t u t e  a complete descr ip t ion o f  the s o l i d i f i c a t i o n  
model implemented i n  the computer p!lS.ogram are as fo l lows: 
Local Solute Red is t r ibu t ion  .,- Equation 
w i t h  gL = 1 a t  x = x f o r  OLySL. L 
Pressure Equation 
for 
and 
w f tlr a P 
- " -PL9 a t  Y a~ - 0 and y = L f o r  x E 5 x ~ x L ,  
a P U g ~  PSE-PLE 
II- =. -- 
ax K PLE U a t  x = xE for OsysL, 
and P = P, + pL g (L-y) a t  x = xL for 06ySL. 
0 
Porous Flow Model 
Temperature F i e l d  
T ~ - T ~  T = T E + =  (x-xE) f o r  xEsxixL 
L E 
Liquid Composition 
- d C ~  a C ~  d C ~  aT CL - C, + (T-TE); - = - -
a t  d~ a t  
Liquid Density 
I 
U Flnal Composition 
The following data are required as input to the solidification model. 
1 k Phase Diagram: TE, CE, 
1 1  
i 
I 1 1  Co i 
*I 
U 
I Solidification Process: L, (xL-xE), aT/at, g i j 
I ! 
: Viscosity: y 
I U Permeability Coefficient: Y 
i 
Upon speci fi cation of these values, the description of a steady-state casting 
of a binary alloy is complete, and Equations (3.6.1) through (3.6.15) can be 
solved to yield the final local average composition as a function of vertical 
distance through the ingot. The following section describes the numerical 
analysis which is the basis of a computer program which performs such a 
I 
calculation. 
SECT I O N  4 - NUMERICAL METHODS 
The equatlons presented i n  Section 3 requf re  re format t ing i n  0 d isc re te  form 
f o r  so lu t i on  on a dig1 t a l  computer. Numerical techniques appl fed t o  the , 
7 
continuous equations y i e l d  f i n i t e  d i f ference equations and procedures f o r  
ca lcu la t ion  o f  t h e i r  solut ion.  Thts process involves se lec t ion  o f  f i n i t e  
d i f ference methods tha t  are appropriate t o  the type o f  p a r t i a l  d i f f e r e n t i a l  
equation t o  be solved as wel l  as systematic v e r i f i c a t i o n  o f  the convergence o f  
the d isc re te  so lu t i on  t o  the so lu t ion  o f  the continuous equations, Although 
the l a s t  f i f t e e n  years have seen tremendous advances i n  the d i s c i p l i n e  o f  
numerical analysis appl ied t o  f l u i d  f low equations, there i s  as ye t  no standard 
approach t o  the process o f  so lv ing a p a r t i c u l a r  set  o f  equatlons. Techniques 
that  provi  de a val  i d  so lu t ion  t o  one problem can produce an inval  i d  but  
phys ica l ly  p l aus ib l e  r e s u l t  when appl ied t o  a s l i g h t l y  d i f f e ren t  problem. For 
t h i s  reason the v e r i f i c a t i o n  phase o f  the process i s  c ruc i a l :  a "so lu t iont t  
should never be accepted merely because i t  has a q u a l i t a t i v e  physical  explanation. 
Procedures f o r  s u f f i c i e n t  va l i da t i on  o f  a so lu t ion  t o  a flow problem are even 
less rou t ine  than the se lec t ion o f  the so lu t ion  technique; they requ i re  experience 4 
i n  recognizing the behavior o f  an i n v a l i d  r esu l t  as we l l  as an understanding o f  
the foundations o f  tlnf: numeri ca 1 approximation process. 
Beyond the necessi ty o f  f i nd ing  numerical methods which produce a s u f f i c i e n t l y  
accurate so lu t ion,  the const ra in ts  o f  i n t e rac t i ve  computing on a time-shared 
mini-computer requi  r e  the use o f  memory-eFfi c ient ,  rapidly-convergent techniques. 
Numerical methods appl ied i n  the context o f  batch computing on a large high-speed 
mainframe are f requent ly  chosen f o r  t h e i r  ease o f  app l i ca t ion  and because o f  t h e i r  
f a m i l i a r i t y ;  i n  an i n te rac t i ve  mini-computer app l i ca t ion  such methods can cause 
excessively long response times. Thus the use o f  extremely small g r i d  spacings 
and double p rec is ion  ar i thmet ic ,  standard " f ixes" f o r  inadequate numerical methods, 
are t o  be avoided i n  mini-computer app l ica t ions i n  favor o f  numerical techniques 
that  are more s p e c i f i c a l l y  t a i l o red  t o  the problem a t  hand. 
The techniques described i n  t h i s  sect ion have been implemented and va l idated i n  
an i n te rac t i ve  program on the Prime 400 a t  MSFC. Under heavy job-load condit ions 
the response time for  the prlmary ca lcu la t ion  phase i s  less than f iveminutes.  
4.1 COMPUTAT l ONAL GI? l D 
The numerical so l u t i on  i s  ca lcu la ted on a rectangular g r i d  covering the S/L 
zone as shown i n  Figure 4.1, The value o f  a funct ion a t  a g r i d  po in t  Is 
considered representat ive o f  the behavior o f  the funct ion i n  the surrounding 
c e l l  so that, f o r  convergent numerical mthods,  the so lu t ion  o f  the f i n 1  t e  
d i f ference equations i s  c lose t o  the so lu t i on  o f  the p a r t l a l  d i f f e r e n t l e l  
equations when the mesh spacing i s  s u f f i c i e n t l y  small. In  the f o l  lowing 
discussion subscr ipt  no ta t ion  indicates loca t ion  i n  the msh: f o r  any 
funct ion defined i n  the S/L zone, 
where xi - x + i 1 A x  f o r  i - 1 ,  ..., Ni, E 
and Y 3 ( j - 1 ) ~ y  f o r  j = 1,  ..., N o .  i J 
Ax and Ay are given by 
i i ~ E " ~  Ax = - L and Ay = - Ni'l N.-1 ' 
J 
4.2 OVERVIEW OF SOLUTION PROCESS 
The o u t l i n e  o f  the so lu t i on  process i s  the same as the one used i n  reference 2, 
Deta i ls  o f  each step may vary from those employed i n  reference 2 because o f  the 
d i f ference i n  coordinate systems as wel l  as the use of  a l te rna te  numerical 
techniques. The so lu t i on  steps are explained i n  d e t a i l  i n  l a t e r  subsections 
and the program modules contain ing the re levant code are indicated. 
1. Read the program input  as defined i n  subsection 3.6. 
a C ~  a p ~  2. Calculate Y, U, CL, r, pL and a t  each po in t  i n  the S/L zone by 
evaluating equations (3.6.11) through (3.6.14). 
a 9 ~  3.  Calculate an i n i t i a l  estimated d i s t r i b u t i o n  o f  gL and - a t  using the a n a l y t i c  
so lu t ion for  the zero g r a v i t y  case, equations (4.3.1), (4.3.2), and (3.6.1); 
evaluate K according t o  equation (3,6.10). 
4. Calculate an i n i t i a l  estimated pressure so lu t ion  from equations (4.5.12) 
and (4.3.2). 
3 5. Evaluate the pi-essure equation coef f ic ients ,  A and B as shown i n  subsection 
4.4. 
Figure 4.1. Computational Mesh 
6. Solve the pressure equation using the re laxa t ion  technique discusscd I n  
subsection 4.5 ,  
7, Use Darcyls Law a5 shown fn  subsect1 cn 4.6 t o  evaluate the vc loc i  t y  o f  the 
i ntcrdendr i  t i c  flow, 
8, Use the ve loc i t y  calc4tlated a t  s tep 7 t n  the loca l  so lu te  r ed f s t r i bu t i on  
cquation, as shown i n  subsett ion 4.7, t o  ca lcu la te  new d i s t r i bu t i ons  o f  
a g ~  gL and - ; re-evaluate K by apply ing equation (3.6.10) a t  each po in t  i n  
a t  
the mesh. 
9. Check convsrgence o f  the non l f  near system by applying the c r i t e r i a  described 
i n  subsection 4.8. I f  i t  has no t  converged and i f  f reck l  ing has not been 
detected, repeat steps 5 through 9. 
10, Calculate the f i n a l  loca l  average composi t fon,  
4.3 l N l T IAL EST l MATED SOLUT l ON 
S t a r t i n g  the i t e r a t i v e  ca lcu la t ion  o f  the steady-state so lu t ion  requires an I! 
a g ~  estimate o f  gL and t o  be used i n  generating the pressure equation coefficients 
for  t he  f i r s t  pass through steps 5 through 9 . A1 though the i n !  t f  a1 estlmatad 
s o l u t i o n  has no e f f e c t  on the convel-ged so lu t ion,  convergence t o  the steady- 
s t a t e  gL, i f  one ex is ts ,  can be speeded by s t a r t i n g  the i t e r a t i o n  w i th  a good 
est imate o f  gL. Hence the ana l y t i c  so lu t i on  f o r  the case w i t h  no g rav i t y  force 
i s  used t o  estimate gL. The only d r i v i n g  force i n  t h i s  case I s  shrinkage 
con t rsc t ion  so t h a t  the y-component o f  ve l oc i t y  i s  zero. The expressions f o r  
gL, der ived i n  reference I, is:  
w i t h  
a g ~  
- can be. evaluated d i r e c t l y  from equation (3,6.1) w i t h  Vy = 0 and a t  
The f n f t i a l  estimated soluelon Is calculateJ I n  subroutinc EST, 
h 4 EVALUATION OF THE PRESSURE EQUAT l ON COEFFI C I EriSS 
For general d i r t r i b u t i o n s  o f  gL there Is no ana l y t i c  form, so the gradient  and 
divergence terms i n  R and B must be evaluated nurnerlcal l y .  Comparison of  centered 
f i n i t e  d i f ference formulas w i t h  evaluations o f  the ana l y t i c  expressions avaf leb le  
i n  the zc:o gravt t y  case showrr rhat  d i  f ferencing the logar i thmic  form o f  ttm 
spa t i a l  de r i va t i ve  terms i s  an order of: mgnf tude more accurate than d l  f ferencing 
the forms shown i n  equations (3.6.4) and (3.6.5). Using the logar i thmic form 
provides a more accurate so lu t i on  f o r  a given mesh size, o r  i t  permfts a coarser 
mesh i n  achieving a given accuracy, thus reducing computation time. The 
logar i thmic  forms o f  % and B subject t o  ;f (o,g) are: 
Centered f i n i t e  d i f ferences appl led t o  these forms give: 
f o r  lCi<Ni and I S j S N  
.i ' 
and 
f o r  I l i S N ,  and lc j<N 
1 j ' 
fo r  I S i S N i  and 1 C j C N  j 
A t  the edges o f  the mesh centered di f ferences cannot be used; the x-der ivat ive  
terms are approximated by f i r s t  order d i f ference fornlulas o f  the form 
-f ) /Ax  for  l.l,NI and I z j < H J ,  ('l+l,j ij 
and thc y-dcrt va t  t vo terms are apprsxl m t e d  by second order d l  f fercncc Formu 1 as 
o f  the form 
f o r  J.I,N and l$ lcNI. i4*4*7) J 
Subroutine PSETUP evaluates jif and B ,  
4.5 SOLUTION OF THE PRESSURE EQUAl ION 
Because atmospheric pressure, po, i s  very large compared t o  the pressure 
var ia t ions i n  the S/L zone, the accuracy o f  a numerical so iu t fon  f o r  t o t a l  
pressure would be considerably less than tha t  o f  a so lu t i on  f o r  papO. Simi l a r l y ,  
the large hydros ta t i c  pressure near the bettscn o f  the S/L zone causes an 
a 
unacceptable loss o f  s i gn i  f i c m c e  i n  tho ca l cu la t i on  o f  5 (p-po) during the 
the evaluat ion o f  Vx. Thesa inaccuracies, inherent i n  d i r e c t  so lu t lon  f o r  p, 
can be avolded by so lv ing a modi f ied pressure equation f o r  
where pLog(L-y) i s  the bulk f l u i d  hydrosta t ic  pressure. @ i s  the so lu t ion  o f  
$8 + h i 3  + i = o (4.5.2) 
where 2 i s  unchanged and 
The boundary condi t ions for  equat Ion (4.5.2) a r e  
a fj 
- = (p -p ) g  a t  y=0 and y=L for ~ ~ 5 ~ 5 % ~ ~  ZY Lo L 
a ^p v9 P 
-=- S' u a t  x = xE fo r  O ~ L L ,  
a~ PLE 

boundary eondi t ion a t  x xL: @ N ~  l docs not  ehange from its fnl  t l a l  value, 0, 
A t  the o ther  boundarlos the offsa; terms aro evaluated eeeording t o  the formulas: 
and 
where the par t fa1  der i va t i ves  arc  given by the boundary cnndlttons, cquotlons 
(4.5.4) through (4'5.6). This method o f  applytrig the der i vn t l vc  boundary condit ions 
i s  second-order accurate! in Ax and Ay as I s  the centered d l  f ferencing used a t  
i n t e r l o r  po in ts  . A more popular ds r i va t  i ve  boundary tcehn 9que hi ch calculates 
the boundary values d i  r c c t  ly as, f o r  c x a ~ p l e ,  
cannot be appl fed t o  the present problem because I t  would introduce an lncons fstcncy 
a t  the corners (xL, 0) and (xL, L) where a normal der l va t i ve  condi t ion meets o 
pressure condit ion. Although the l a t t e r  technique i s  easier  t o  apply and has a 
h e u r i s t i c a l l y  p leasing form, i t s  use would lead t o  s i gn i f i can t  numerical e r ro r  
i n  V near the corners, 
X 
The strategy developed by B. A, Carrei I n  reference 18 i s  used t o  est imate the 
optlmum value o f  the re laxa t ion  parameter w. Use o f  the optlmum w was observed 
t o  reduce the number o f  i te ra t ions  i n  tha SOR technique by a fac to r  o f  ten to 
f i  f tcen over use o f  w=I, the G a ~ s s - S e * ~ c l  scheme. The optimal w i s  estimated 
dynamically dur ing so lu t i on  for  j3 as fol lows: 
I .  Choose an i n i t i a l  w i n  the range l<w<wo where wo i s  the (unknown) optimal 
value o f  w, 
2. Perform N i t e r a t i o n s  on equation (4.5.7). 
A f te r  the N~~ i t c r d t i o n  set  
f o r  n = N-1 and n = N, 
and A &  r (fjj ,  r(Nwl 1 
3. The optimum w i s  approxfmately 
4.  Set 
0 5. Repeat steps 2 throush 4 wnt i  l wo stops changing: c.05. 
6 ,  Continue i t e r a t i n g  on equation (1;#5.7) w i t h  ~lw o u n t i l  pn conuerAes, 
The values o f  w and N i n  steps I and 2 are  taken as w=S.375 and N=12. 
The conv2rgence t e s t  on f3 checks the largest  r e l a t i v e  change i n  over each 
l t e ra t  i on  unt i 1 
where eSOR i s  cont ro l led by the progress o f  the steady-state so lu t ion  as 
described i n  sect ion 4.8. I f  cond i t i on  (4.5.'1) i s  not  obtained w i t h i n  MSOR 
i te ra t ions ,  aq e r ro r  message i s  displayed and the ca lcu la t ion  proceeds t o  step 
7 
An i n i t i a t  f3 d i s t r i b u t i o n  i s  needed t o  s t a r t  the SOH i t e ra t i ons .  Although the 
i n i t i a l  6 does not a f f ec t  the f i na l  pressure so lu t ion,  a substant ia l  savings i n  
computing time can be achieved by s t a r t i n g  w i t h  a good i n i t i a l  estimate. During 
the f i r s t  i t e r a t i o n  on the steady-state s o l u t i o n  the ana l y t i c  zero-gravi ty so lu t i on  
i s  used t o  s t a r t  the pressure i t e ra t i ons ;  f o r  subsequent steady-state i t e ra t i ons  
the f i n a l  fi d i s t r i b u t i o n  from the previous steady-state i t e r a t i o n  i s  used. In  
the zero-gravi t y  case V = 0 ,  so j3 can be ca lcu la ted by so lv ing Darcy's Law, 
Y 
a P equation (4.6.1), for  -and i n teg ra t i ng  i t  across the S/L zone: ax 
Vx f o r  the zero g rav i t y  case i s  g iven by equation (4.3.2). 
A l l  procedures dcscr l  bed i n  t h i s  subsection are  coded I n  subroutine PSOLVE except 
the i n i t i a l  cstknrated f? which 1s ca lcu la ted i n  subroutine EST. 
4.6 VELOC ITV CALCULAT I ON 
A f t e r  the pressure d i s t r i b u t i o n  i s  known, the ve loc i t y  can be evaluated d l r e c t l y  
from Darcy's Law, equation ( 3 . 6 . 9 ) ,  w r l t t e n  i n  terms o f  f3: 
At i n t e r i o r  po in ts  the gradient term i s  replaced by centered f i n i t e  df fferences: 
- 
*. 
pi-l,i for l<i<Ni and 1SjSN iihx j 
-6 pi 
* jB1 for  l<l<Ni and l<j<N and (aylij = " 2 6  - - ..i ' 
F i r s t  order one-sided di f ferences o f  the form (4.4.6) are used a t  xL whi le  the 
Saundary condltlens provide values for  the remaining pressure gradient  terms, 1 
Veloc i t y  i s  ca lcu la ted i n  subroutine VLCTY: K i s  evaluated in subroutine PERM. 
4.7 SOLUT l ON OF THE LOCAL SOLUTE RED I STR I BUT I ON EQUAT l ON I 
A f t e r  the ve loc i t y  f i e l d  i s  known gL can be ca lcu la ted by so lv ing the loca l  
so lu te  r ed i s t r i bu t i on  equation. In  the steady-state case t h i s  can be s i m p l i f i e d  
t o  an in tegra t ion  along l i nes  of  constant y. The steady-state hypothesis, equation 
(3.5.2), appl ied t o  equation (3.6.1) gives I 
Then gL i s  approximated by 
and qiJ deflnod as the quan t i t y  i n  brackets i n  equation (4.7.1). After gL i s  
known, 3gL/at i s  ca lcu la ted by a d i r e c t  eva luat ion o f  equatlon (3.6F1), 
gL and dgL//at are ca lcu la ted i n  subroutine LFRAC. 
4.8 ITERAT I ON TO THE STEADY-STATE SOLUT l ON 
A t  the end o f  each l t e r a t  ion on the steady-state s o l u t i  on, steps 5 through 9 
i n  Section 4.2, gL is tested f o r  convergence. The convergence c r i  t c r i o n  i s  a 
comparison o f  the maximum r e l a t i v e  change w i  th an inpu t  threshold: 
whe reg im) i s  g L a t  the end o f  the mth i t e r a t i o n .  I f  cond i t i on  (4.8.1) i s  not 
obtained by the end o f  MSSI i t e r a t i o n s  an e r r o r  message, "steady-state so lu t ion  
d i d  not  converge'' i s  put  on the screen and the i t e r a t l o n  process i s  terminated. 
E~~ l and MSS, are user-speci f ied inputs as described i n  Voluma I1 I. 
The convergence thresh01 d f o r  the pressure i t c r a t  i on, eWR, i s  con t ro l led  by 
the progress o f  the steady-state i t e ra t i on ,  I n i t i a l l y  the pressure convergence 
threshold i s  10 ESOR, when the ! e f t  side of  i nequa l i t y  (4.8.1) drops below 100 
E ~ ~ ~ '  e~ ~ i s  reduced t o  5 ESOR, and when the l e f t  s ide of (4.8.1) i s  below 10 
E ~ ~ l  ' 'SOR i s  equal t o  ESOR. This strategy speeds up the ca lcu la t ion  by avoiding 
unnecessarily t i g h t  convergence o f  the pressure equation wh i le  gL i s  r e l a t i v e l y  
f a r  from i t s  s teady-s t a  t e  va 1 ue, 
I t e r a t i o n  t o  the steady-state so lu t ion  i s  con t ro l led  by subroutine S S I C O N .  
4.9 CALCULATION OF MACROSEGREGATION 
The in tegra l  i n  equation ( 3 .6 .15 )  can be transformed t o  an in tegra l  w i t h  respect 
t o  the logar i thm of  gL: 
1 
Accuratz nurneri ca l  evo l list ion of  the second f ntegra l  i n  (4.9.1 ) would requl r e  I I 
en extremely f l n r  mesh for  a l l o y  systems such as Sn-Bi whose large k causes gL I 
t o  be steep near the liquidus 'isotherm, The l a s t  i n t eg ra l  I n  (4.9.1) Is amendable 
I 
t o  accurate ~pp rox ima t i on  on a r e l a t i v e l y  small mesh. It i s  approximated as 
the remaining terms i n  (3.6.15) are evaluated d i r e c t l y ,  w i t h  gE equal t o  gL 
a t  i=1. 
- 
Cs i s  evaluated i n  subroutine MACSEG. 
4.10 FRECKLE CONDITION 
The existence o f  f r e c k l i n g  I n  a given case can be detected by the program. 
The freckj ing condition i s  local remelting: 
When condi t ion (4 .10~1)  i s  detected a t  any po in t  i n  the mesh, the ca lcu la t ion  
i s  stopped. 
The f reck le  condi t ion j s  tested i n  subroutine FRECKL. 
@ 0 
SECTION 5 - EVALUATION 
Th is  sec t i on  presents and descr ibes the  r e s u l t s  o f  c a l c u l a t i o n s  us tng the  model 
f o r  f l ow  o f  i n t e r d e n d r i t i c  l i q u i d  and macrosegregation dcscrfbed I n  Sect ions 3 
and 4. Ca lcu la t ions  a r e  f o r  t h ree  a l l o y s  (Al-4.5% Cu, Sn-15% Pb, and Sn-3% B i )  
which show the  e r f e c t s  o f  va ry ing  (1) t h e  he igh t  o f  the s o l  id-1 i q u l d  tone, (2) 
t he  g r a v i t y  force, and (3) the c o o l i n g  r a t e  du r ing  s o l i d i f i c a t i o n .  Added 
d iscussion i s  g iven t o  the format i o n  o f  " f reck les"  and t o  the  d i f f e r e n c e s  i n  
macrosegregation behavior  among the  t h r e e  a l l o y s .  
Ingot  Height 
F igu re  3.2 i l l u s t r a t e s  the s o l i d - l i q u i d  (S/L) zone i n  a u n i d i r e c t i o n a l l y  
s o l i d i f i e d  ho r i zon ta l  ingot .  The w i d t h  o f  the  S/L zone i s  X L  - XE, and the  
he igh t  i s  L. F igu re  5.1 shows the  e f f e c t  o f  i ngo t  he igh t  on macrosegregation. 
As i n g o t  height  increases, t b r  major e f f e c t  i s  t h a t  segregat ion i s  reduced, 
p a r t i c u l a r l y  i n  t he  c e n t r a l  p o r t i o n  o f  t h e  ingot .  Thus the t a l l e r  t he  ingot ,  
t h e  greater  i s  the p o r t i o n  o f  t he  i ngo t  near Co ( t h e  average composit ion o f  
t h e  a i  i o y j .  i n  t h i s  regard, F igure  5. i compares wei i w i t h  F igu re  i B  I n  
reference 1. However, there  a r e  d i f fe rences a t  the  top  and bottom o f  the  
i n g o t  which are a t t r i b u t e d  t o  d i f f e r e n c e s  i n  the choice o f  f i n i t e  d i f f e rence  
equat ions used t o  fo rmula te  the  boundary cond i t i ons  a t  the top and bottom o f  
t h e  ingot  and i n  the method o f  s o l v i n g  f o r  the  v e l o c i t y  o f  t h e  i n t e r d e n d r i t i c  
l i q u i d ,  I n  t h i s  work, s ince  v e l o c i t y  i s  s e n s i t i v e  t o  the  volume f r a c t i o n  o f  
l i q u i d ,  then a scheme i s  used whereby an i t e r a t i o n  c a l c u l a t i o n  i s  done t o  so lve  
f o r  v e l o c i t y .  A lgor i thms used he re in  g l v e  r e s u l t s  w i t h  improved accuracy o f  
those g iven i n  Reference 1; d e t a i  l s  a r e  g iven i n  Sect ion 4 o f  t h i s  repo r t .  
Gravi t y  Force 
F igure  5.2 shows the e f f e c t  o f  the  g r a v i t y  f o r c e  on macrosegregation i n  A1-4.5% 
CU a l l o y .  With zero  g r a v i t y ,  t he re  i s  no macrosegregation because f l o w  o f  
i n t e r d e n d r i t i c  l i q u i d  i s  s o l e l y  due t o  s o l i d i f i c a t i o n  shrinkage. As such, a l l  
f l o w  i s  normal t o  isotherms as shown i n  F igure  5.3a. The e f f e c t  o f  g r a v i t y  
i s  t o  cause the f l o w  t o  be downward w i t h i n  much o f  the S/L zone, and the re  i s  
some reversal  o f  f l o w  i n  the lower r i g h t  areas o f  Figures 5.3b and c. Not ice,  
a lso ,  t ha t  the magnitude o f  the  vec tors  increases w i t h  increas ing  g r a v i t y  force.  
F igu re  5.4 gives the  s o l u t e  f l u x  corresponding t o  F igure  5.3 i n  terms o f  g o f  
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Figure 5.1. Effect of ingot height on macrosegregation. 

Figure 5.3. E f fec t  of g rav i t y  on the ve loc i t y  o f  Fnterdendri t i c  l i q ~ r i d  i n  
A1 - 4.5% Cu: ( a )  0 g; (b) i g; ( c )  2 g. Conditions are the 
same as i n  Figure 5.2. 
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2 Culs-cm , Thcse f i e l d s  are s tmf la r  t o  those o f  Ffgurc 5.2 and are gfvcn here 
t o  p o i n t  out tha t  t h i s  opt ion f o r  output Is available, Ffgures 3.3 and 5.11 
a l so  show why segregation I s  rrcyatlve a t  the top and pos i t ive !  a t  the bottom 
in  Figures 5.1 and 5.2 when a g r a v i t y  force acts on the 1 iquid. Since the 
densi ty of  the l i q u i d  Increases dur ing solidification, the so lu te - r i ch  l i q u i d  
f lows away from the upper po r t l on  towards the lower po r t l on  o f  the ingot 
( ~ i g u r e s  5.3 and 5.4) r esu l t i ng  i n  negative segragation a t  the top and p o s i t i v e  
segregation a t  the bottom, For a l l oys  I n  which l i q u i d  densi ty decreases dur ing 
s o l i d i f i c a t i o n ,  f low would be from bottom t o  top (opposite t o  Figures 5.3 and 
5.4), and segregation p ro f !  les  would be reversed from those shown I n  Figurs 5.2. 
Cooling Rate 
For a given g rav i t y  force, the most important process var iable,  which inf luences 
macrosegregation, i s  cool ing rate.  This i s  shown i n  Figure 5.5 i n  which 
macrosegregation curves f o r  l g  a t  three d i f f e r e n t  cool i ng rates have been 
drawn. One o f  the curves I s  tha t  g iven i n  Figure 5,2 w1t.l) a ccollng r s t e  cf 
- 0 . 3 3 3 ~ ~ / ~ .  When the cool ing r a t e  I s doubled (-0.667Oc/S), the segregation i s  
substant i  a1 l y  reduced. However, when the cool i ng ra te  f s reduced t o  -0. JOO"C/S, 
segregation i s  increased s !gn i f i can t l y .  
The e f f e c t  o f  coo l ing r a t e  on segregation can be explained by comparing the 
r magnitudes o f  the ve loc i t y  o f  i n t e r d e n d r i t i c  l i q u i d  and the isotherm ve loc i t i es .  
I 
I With slow s o l i d i f i c a t i o n ,  isotherms move slowly and there i s  more f low through 
I 
a u n i t  volume, w i t h i n  the mushy zone, dur ing the t ime f o r  complete s o l i d i f i c a t i o n ;  i 
1 
thus macrosegregation i s  increased, Figure 5.6 shows t h i s  e f f e c t  f o r  the two 
i 
extreme cool ing rates o f  Figure 5.5. With the slower coo l ing ra te  ( ~ i g u r e  5.6a), 
the magnitude o f  the ve loc i t y  o f  the i n t e r d e n d r i t i c  l i q u i d  i s  less than tha t  a t  
i 
the greater coo l ing ra te  f ~ i ~ u s e  5.6b), but  r e l a t i v e  t o  the ve loc i t y  o f  the 
I 
? 
isotherms, there i s  subs tan t ia l l y  more f low a t  the lesser coo l ing rate, Consequently, 
macrosegregation increases wi th  decreasing cool ing ra te  as shown i n  Figure 5.5. i 
i 
Formation o f  Freckles I 
When f low o f  i n t e r d e n d r i t i c  l i q u i d  i s  extensive and macrosegregation i s  severe, 
there i s  a reversal o f  tha t  f low. This can be seen i n  the lower r i g h t  areas o f  I i j 
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Figure 5.6. E f fec t  o f  coo l ing ra te  on the ve loc i t y  o f  i n t e rdend r i t i c  
l i q u i d  i n  A1 - 4.5% Cu: (a)  - 0 . 1 0 0 ~ ~ / s ,  isotherm ve loc i t y  
i s  5.05 x 40-3 cin/s; (b) - 0 . 6 6 7 ~ ~ / s ,  isotherm veloci  t y  i s  
3.37 x 10- cm/s. Conditions are the same as i n  Figure 5.5. 
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Figures 5,3c, 5 *4c  and 5.6a. There can be cases, which have been documented by 
cxperlmcnt, I n  whfch the f low of  the f n te rdend r i t i c  l i q u i d  i n  tho d f r c c t f o n  o f  
the  Isotherms, exceeds the isotherm v ~ l o c f t y ~  When t h i s  occurs, theru Is local 
remcl t i n g  o f  the dendrl t lc so l  Id .  The remcl tcd region I s  the source o f  an 
unstable channel which pe rs i s t s  within the s o l i d - l i q u i d  zone and resu l t s  I n  e 
severe local  I zed segregate ( f  .e., "freckle") which i s  r i c h  i n  uu t cc t i  c cons t f tuent 
a f t e r  s r i i d i f i c a t t o n  I s  complete. The c r i t e r i o n  for t h i s  phenomer~on i s  
where $ i s  the ve loc l  t y  o f  the in terdondr l  t i c  l iquid,  VT i s  the temperature 
gradient  and E i s  the coo l ing rate. An alternative expression f o r  cquatton 
(5.1) i s  
+ i n  which n i s  a u n i t  vector  normal t o  the Isotherm and if i s  the vr loci t* ,  o f  
the isotherm. Equation (5.2) essen t i a l l y  states tha t  i f  the ve loc i t y  o f  the 
I ~ V I J I S J ,  :-. ! -I i r i  the d i r e c t i o n  o f  the moving Tsotherm, exceeds the ve loc i t y  o f  the 
isotherm, then loca l  remelt ing occurs, Equation (5.1) o r  equation (5.2) as an 1 c 
equa l i t y  can be used t o  p red i c t  the onset o f  tn0 formation o f  a Freckle, However, v i  i 
i f the i nequal i t y  appl i es, then the model developed herein does not  accurately 
* 1 
p red i c t  macrosegreyation. 1 
I n  Figure 5.6a, the maximum value o f  the L.H.S o f  equation (5.2) i s  approximately I 
I 
0.3; therefore, no f reckles are predicted. For t h i s  p a r t i c u l a r  ingot ,  the onset 1 
o f  f r eck l i ng  occurs a t  a coo l ing ra te  between - O , O ~ ~ ~ C / S  and -0. ~ O O ~ C / S .  
Pressure F ie l d  
As discussecl i n  Sections 3 and 4, ca lcu la t ion  o f  the pressure i n  the s o l i d - l i q u i d  
zone i s  an intermediate step t o  compute the ve loc i t y  o f  the i n te rdend r i t i c  l i qu i d .  
The major purpose, o f  the analysis o f  macrosegregation i s  t o  ca lcu la te  macrosegre- 
gat ion,  as i n  Figures 5.1, 5.2 and 5.5; complementary informat ion sought I s  o f ten  
the  ve loc i t y  f i e l d  o f  the i n te rdend r i t i c  l i q u i d  as i n  Figures 5.3 and 5.6, There 
are  circumstances, however, i n  which the pressure f i e l d  would be o f  i n te res t ;  one 
example would be t o  p red i c t  evo lu t ion o f  dissolved gas dur ing s o l i d i f i c a t i o n ,  
Figures 5.7 (a) and (b) shows the pressure F ie l d  corresponding t o  the ve loc i  t y  
Figure 5.7. The pressure f f e l d  i n  A1 - 4.5% a l l o y  f o r  two 
cool i ng ra tes  : (a)  -0.1 OoOc/s ; (b) -0.667Oc/s. 
Condi t ions are those described I n  F igure  5.5. 
f i e l d s  o f  Figures 5 . 6  (a) and (b),  respect fve ly ,  I n  Figures 5.7 (a) and (b), 
Po i s  the ambient pressure a t  the  top  o f  the l i q u i d  pool  (approximately 1 atm 
6 2 
o r  10 dynes/cm ) and P i s  t h e  pressure I n  the  s o l i d - l i q u i d  zone. Except a t  t he  
bottom of  the ingot  s o l i d i f i e d  w i t h  a cool  ing  r a t e  o f  -0. 100~C/s, there  i s  a 
decrease of pressure through t h e  s o l i d - l i q u i d  zone. Th is  pressure drop, o f  
course, Is a t t r i b u t e d  t o  the  f r i c t i o n  assoctated w i t h  f l o w  o f  l i q u i d  through 
the d e n d r i t i c  network. As c o o l i n g  r a t e  increases, o r  permeabi l i t y  decreases, 
the  pressure drop increases. For example, a t  y/L = 0.5, the pressure drop 
across the mushy zone f o r  a c o o l i n g  r a t e  o f  - 0 . 1 0 0 ~ ~ / s  i s  about 600 dynes/cm 2 
(Figure 5.7a); a t  an increased cool  i n g  r a t e  o f  - 0 . 6 6 7 ~ ~ / s ,  the pressure drop 
2 
across the so l  id-1 i q u i  d zone a t  p/L = 0.5 i s  about 2800 dynes/cm . 
Other A l loys  
Figures 5.8 and 5.9 show r e s u l t s  f o r  f l ow  of i n te rdendr i  t i c  1 i q u i d  and macro- 
segregation, respect ive ly ,  i n  Sn-15% Pb a l l o y  i n  an ingot  o f  s i m i l a r  s i z e  as 
described above f o r  A i - 4 . 5 %  C u  s i iey .  i n  the Sn-Pb a l l ~ y ,  the vo lu rs  f ract ion 
o f  l i q u i d  a t  the e u t e c t i c  isotherm i s  approximately 3-4 times t h a t  i n  t h e  A l -  
Cu a l l o y  (0.35 vs. 0.09), so t h a t  the average volume f r a c t i o n  o f  l i q u i d  i n  the 
s o l i d - l i q u i d  zone i s  a l so  s i g n i f i c a n t l y  g rea te r  i n  the  Sn-Pb a l l o y  than i n  the  
Al-Cu a l l oy .  As a r e s u l t ,  f l o w  i s  very ex tens ive  i n  the  Sn-Pb a1 loy  (F igure  
5.8) snd much more so than s%wn i n  F igure  5.6. Hence, rnacros~* f l~ :gat ion  i s  
a l so  extencive as demonstrated by F igu re  5.9 where there  i s  a spread o f  9% Pb 
fronl top t o  b:w-cton o f  the f ngot. Since the  dendr i  t i c  network o f  t h i s  i ngo t  i s  
SO "open", then the pressure d r ~ p  through the  s o l i d - l i q u i d  i s  almost non- 
ex is ten t ;  t h i s  i s  zeen i n  F igu re  5.10. 
F i n a l l y ,  Sn-3% B i  a l l o y  i s  an example o f  an a l l o y  w i t h  a r e l a t i v e l y  minor amount 
o f  Piquid (approximately 1-2%) a t  t he  e u t e c t i c  isotherm. Also, i t  d i f  'ers from 
A1-4.5% Cu a l l o y  and Sn-i5% Pb a l l o y  i n  t h a t  there  i s  an expansion on s o l i d i f i -  
ca t i on  near the  end o f  f reez ing.  Thus i n  F igure  5.11, t he  magnitude o f  the  
ve:ocity vectors i s  about one rs:.der o f  magni tude less than i n  F igure 5.8, and 
the  e f f e c t  o f  expansion ( r a t h e r  than con t rac t i on )  i s  apparent i n  the  l e f t  s ide  
o f  the s o l i d - l i q u i d  zone. Macrosegregation i s  on l y  about 0.5% B I  from top t o  
bottom i n  t h i s  i ngo t  ( ~ i g u r e  5.12). The pressure f i e l d ,  F igure 5.13, i s  i n t e r e s t i n g  
i n  t h a t  the  pressure "dropY' i s  revel zed corresponding t o  the  d i r e c t i o n  o f  f low 
f o r  much O F  the s o l i d - l i q u i d  zone o f  F igure  5.11. 
5-1 1 
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APPENDIX A 
ALLOY PROPERTIES AND S O L I D I F I C A T I O N  PARAMETERS 
( ~ e f e r e n c e s  1 and 3) 
WEIGHT PERCENT COPPER 
Sn-Pb System (References 1 1  and 2) 
0 10 20 3 0 4 0 
WEIGHT PRECENT LEAD 
p = .022 g/ (cm S s )  
a t  C, = 15% Pb 
10 2 0 3'3 4 0 
Ll  QU I D COMPOS l T l ON ( % ~ b )  
S n - B i  Sys tern (See f o l  lowing discuss ion and Reference 1 I )  
\ 
0 2 0 40 60 
WEIGHT PERCENT BISMUTH 
L 1 I I 
I 
0 20 4 0 6 o 
L I Q U I D  COMPOSITION ( O B i )  
i 
Dens i t y  o f  So 1 i d' I 
pSE (dens8 t y  o f  eutect ic  so l  i d )  1 8.60 g/cm 3 
3 
s (Average densl t y  o f  sol  id)  = 7.24 g/cmg, Eo = 3% 01 
1 15% B i  $ 2  C: = 309 B i  
The density o f  the s o l i d  ( t i n  r i c h  - f3 phase) i s  determined using l a t t i c e  
t 1  
spacing f o r  pure Sn as a funct ion o f  temperature, taken from Handbookof Latt ice_ 
Spacings and S t r u c t u r e o f t e r l ~ l s  (HLSSH) . The v a r i a t i o n  o f  densl t y  w i  t h  
temperature agrees exact ly  w l th  that  computed by using the thermal expansion 
I coe f f f c len t  given i n  Srnifhclls, p. 941, and there i s  exce l lent  agreement w i th  
1 
i the densi ty (26Oc) given I n  Handbook o f  Cheml s t r y  and Physics, 57th ed., CRC 
I Press (HCP). The e f f e c t  o f  B i  on the dens i ty  o f  f3 - Sn i s  from CdLSSM where the 
I l a t t i c e  spacings o f  6 - Sn increase l i n e a r l y  wi th atom f r a c t i o n  B i ,  At temp- 
I 
eratures of the s o l i d l f i c a t i o n  range, the same v a r i a t i o n  i s  assumed. 
I 
i 
1 
t For macrosegregat ion ca lcu la t ions,  the average dens i t y  o f  the tgcoredtb sol  i d  
i phase i s  used; as such, the density of the solid depends upon the average 
I 
1 
I composition o f  the so l id .  The average compositioc o f  the s o l i d  i s  estimated 
i 
I by the Schell equation. 
I 
! 
I . - i 
1 
The density of eutect  i c  so l  i d  i s  computed by using the densi ty o f  B i  a t  26 '~  
I 
and cor rect ing for  temperature wl t h  the thermal expansion c o e f f l  c ien t  (these 
I data are i n  HCP) . No data on the e f fec t  o f  Sn on densi ty o f  B i  are avai lab le  
I 
! 
so the density o f  B i  - r i c h  eu tec t i c  s o l i d  (98.4% B i )  Is  computed assuming 1 j
ideal solut ion;  i.e., the molar volume i s  given by the "law o f  mixtures". I 1 
I 
r 
i Density o f  L iqu id  
? 
= 0.0277 CL + 6.99 g/cm 3 L 
(densi ty o f  eu tec t l c  l i q u i d )  = 8.65 g/crn 3 PLE 
i 
Density of  1 i qu i  d pure Sn i s  taken t o  be the average of  data i n  Thresh and I 
Crawley, Smithel ls and HCP a l l  extrapolated t o  the s o l i d i f i c a t i o n  temperature 
range. I n  t h i s  range, the data from these sources agree we1 1. For B i  four 
sets o f  data are i n  HCP and another i n  Smithel ls. Three sets o f  data which 
showed closer agreement were selected and averaged. However, whether 3 sets 
L 
A- 4 
o r  a1 l 5 sets of data arc! constdered makes l i t t l e  d l f ferencc,  
The densi ty o f  l i q u f d  alloys was computed by assuming tha t  the so lu t ions arc  
Ideal ;  f ,e, ,  there ara no volume changes due t o  s ~ l u t t o n  and the "law o f  
mixturest' appllos. The procedure can bc justified since the heat o f  mtxfng 
f o r  these a l l o y s  i s  5 ~ 9  1 fnd lcat lng almost Ideal behavior, 
w l  t h  v i n  Poise (g/s-cm) and CL Is the composi t i o n  along the 
I lqu idus (%Bi). 
I f  constant values o f  p are selected: 
p = ,0215 g/s-cm, Co = 3% B i  
For pure Sn; Thresh and Crawley show tha t  the? vf ssosi t y  nbeys the Andrade 
equation; thus t h i s  I s  used as a basls t o  ex t rapo la te  the v i scos i t y  i n t o  the 
sol id ;  f i ca t  ion temperature range. Viscosi t y  data (from HCP) f o r  pure B i  are 
reduced t o  the form o f  the Andrade equation and a l so  extrapolated t o  the 
s o l i d i f i c a t i o n  temperature range. V iscos i ty  o f  a l l oys  i s  assumed t o  Follow 
the " 1  aw o f  mixturesu, 
